Abstract. Generalized table algebras were introduced in Arad, Fisman and Muzychuk (Israel J. Math. 114 (1999), 29-60) as an axiomatic closure of some algebraic properties of the Bose-Mesner algebras of association schemes. In this note we show that if all non-trivial degrees of a generalized integral table algebra are even, then the number of real basic elements of the algebra is bounded from below (Theorem 2.2). As a consequence we obtain some interesting facts about association schemes the non-trivial valencies of which are even. For example, we proved that if all non-identical relations of an association scheme have the same valency which is even, then the scheme is symmetric.
Introduction
Let R be an integral domain. An R-algebra A with a distinguished basis B is called a generalized table algebra (briefly, GT-algebra) with a distinguished basis B if it satisfies the following axioms [2] : GT0. A is a free left R-module with a basis B. GT1. A is an R-algebra with unit 1, and 1 ∈ B. GT2. There exists an antiautomorphism a →ā, a ∈ A, such that (ā) = a holds for all a ∈ A andB = B.
Let λ abc ∈ R be the structure constants of A in the basis B, i.e., In what follows the notation (A, B) will mean a GT-algebra A with the distinguished basis B. We also set B # := B\{1}. A GT-algebra will be called real if R ⊆ R, λ aā1 > 0 and λ abc ≥ 0 for each triple a, b, c ∈ B. A real commutative GT-algebra is called a table algebra. In what follows we shall consider only real GT-algebras.
Let t: A → R be the linear function defined by t( b∈B x b b) = x 1 . As a direct consequence of GT3, we obtain that t(x y) = t(yx), x, y ∈ A.
We define a bilinear form , on A by setting
x, y = t(xȳ).
According to GT3, , is a symmetric bilinear form values of which may be computed by the following formula:
A subset D ⊂ B is said to be closed subset if the R-submodule c c∈D is a GT-algebra with distinguished basis D.
is a real GT-algebra, then, by Theorem 3.14 [2] there exists a unique algebra homomorphism
We call it the degree homomorphism. The positive real numbers {| |b| |} b∈B are called the degrees of (A, B) .
A real GT-algebra such that all its structure constants λ abc and all the degrees | |b| | are rational integers [4] is called an integral GT-algebra (briefly, IGTA). A commutative integral GT-algebra is exactly integral table algebra (ITA) as defined in [4] .
A GT-algebra is called homogeneous of degree λ if all its non-trivial degrees are equal to λ. A GT-algebra is called standard if | |b| | = λ bb1 for each b ∈ B. We say that a GT-algebra (A, B ) is a rescaling of (A, B) if there exist non-zero scalars r b ∈ R, b ∈ B such that
Any real GT-algebra may be rescaled to one which is homogeneous and any IGTA can be rescaled to a homogeneous IGTA ( [5] , Theorem 1). Any real GT-algebra may be rescaled to a standard one by setting b :=
does not depend on a rescaling of the table algebra (A; B) [5] . It is called the order of (A;
We need the following
be a real standard GT-algebra. Then for all a, b, c ∈ B the following conditions hold:
Even GT-algebras
Till the end of the paper we consider GT-algebras such that their structure constants and degrees belong to the ring S :
It is easy to see that S is a local ring with a unique maximal ideal 2S. The elements of 2S (S\2S) will be called even (resp. odd) elements of the ring S.
We write that x ≡ y(mod 2) if x − y ∈ 2S. A direct check shows that S/(2S) ∼ = Z 2 . Therefore r 2 ≡ r (mod 2) and
We writer for the image of r ∈ S in S/(2S). Each non-zero element r ∈ S has a unique presentation as the product r = 2 α s with α ≥ 0 and s ∈ S\2S. We set ν 2 (r ) := α and ν 2 (0) := ∞.
A GT-algebra is called even (odd) if all its degrees are even (resp. odd) elements of S.
In what follows we use the following notation
Since A is a free S-module with basis B,
In what follows we shall write Z 2 B for S/(2S) ⊗ S B. We also write b for 1 ⊗ b unless it leads to a contradiction. If X ⊆ B, then Z 2 X denotes Z 2 -vector subspace of Z 2 B spanned by the elements x ∈ X. If B is standard, then the Z 2 -linear subspace Z 2 B >α spanned by B >α is an ideal of the algebra Z 2 B.
The following result was proved in [7] for association schemes, but its proof works also for GT-algebras over S. We give here the proof in order to make the text self-contained. (A, B) be a standard GT-algebra defined over a ring R ⊆ S. If all elements of B # are non-real, then
Proposition 2.1 Let
Proof:
(ii) Pick an arbitrary a ∈ B and denote by A the set of all b ∈ B which appear in the product aā with non-zero coefficient. Since λ aāb = λ aāb , A = {a 1 , . . . , a k ,ā 1 , . . . ,ā k }. It follows from Proposition 1.1, part (viii) that
By Proposition 1.1, part (iv)
Therefore the right-hand side of (3) is even which implies that | |a| | is odd.
The above Proposition implies that if o(B) is even, then B contains a non-identical real element. If o(B)
is odd, then we cannot say something definite about the number of real elements in general. Nevertheless, there exists one case when the number of real elements may be bounded from below. 
Thus we obtain that (
This implies that the vectorsê a , a ∈ B α 0 are linearly independent. Hence dim(V ) = |B α 0 |. On the other hand, dim(V ) ≤ |B
(ii) Since all elements from B α 0 are real, λ aāx = λ aax and a 2 = b∈B λ aāb b. It follows from part (i) that the vectors e a = (λ aāb ) b∈B α 0 are linearly independent modulo 2S. Therefore, the vectors e a are linearly independent over S. Hence the elements a 2 are linearly independent.
(iii) Denote I := Z 2 B >α 0 just for a convenience. Since Z 2 B >α 0 is − -invariant, the mapping x →x, x ∈ Z 2 B/I is well-defined. Since Proof: Consider the algebra A with a rescaled basis 1 :
It is well-known that (A, B ) is a standard GT-algebra.
We have that
Since ν 2 (
∈ S, and, consequently, λ a b c ∈ S. Now Corollary 2.3 yields the claim.
Some applications
Let (X, F) be a finite association scheme in a sense of [8] . The Bose-Mesner algebra A of F is a standard integral table algebra the table basis of which is formed by the adjacency matrices A( f ), f ∈ F. The degree of A( f ) concides with a valency of the relation f and will be denoted by n f . We say that a scheme F is even if all its valencies are even. As before we set ν 2 ( f ) := ν 2 (n f ); α 0 := min{ν 2 ( f ) | f ∈ F # };
F ≥α := { f ∈ F | ν 2 ( f ) ≥ α};
As a direct consequence of Theorem 2.2 we obtain the following Proposition 3.1 Let (X, F) be an even association scheme. Denote I := A( f ) | f ∈ F >α 0 . Then (i) each f ∈ F α 0 is symmetric; (ii) the elements A( f ) 2 , f ∈ F α 0 are linearly independent; (iii) the factor-algebra (Z 2 ⊗ Z A)/(Z 2 ⊗ Z I ) is symmetric, commutative and semisimple.
